We show that the exact ground state of the Lieb-Mattis Hamiltonian is an equal-weight superposition of all possible classical Néel states, and provide an exact formulation of this superposition in the z-spin basis for both S = 1/2 and general S using Schwinger bosons. In general, a superposition of possible rotations on a general initial state is symmetric if and only if the initial state has a nonzero overlap with a singlet state and is otherwise made up of states that vanish due to the symmetrization. Most notably, |s, m = 0 states will vanish if symmetrized, which explains how a superposition of Néel states projects onto its singlet component.
I. INTRODUCTION
The ground state of finite systems that exhibit spontaneous symmetry breaking in the thermodynamic limit is typically still symmetric and unique. In particular, this has been proven for the Heisenberg antiferromagnet. [1, 2] To arrive at such proof of uniqueness, Lieb and Mattis considered only the k = 0, π part of the Heisenberg Hamiltonian, which is now known as the Lieb-Mattis Hamiltonian.
The interesting thing about the Lieb-Mattis Hamiltonian is that it displays the same singular behavior in the thermodynamic limit as is common for spontaneous symmetry breaking. That is, upon adding a symmetry breaking fieldĤ ′ = −B(Ŝ z A −Ŝ z B ), the limits B → 0 + and N → ∞ do not commute. If one keeps B finite while taking the thermodynamic limit, the resulting ground state is the classical Néel state antiferromagnet. Given that in the thermodynamic limit the Néel state and the exact symmetric ground state become degenerate, one might wonder what their relationship is. In particular, can we take a suitable superposition of all possible Néel states to construct the symmetric ground state? Here we show that the answer to this question is yes. In fact, an equal-weight superposition of all possible directions a Néel state is equal to the Lieb-Mattis ground state.
This led us to study more general the properties of symmetric superpositions of some initial polarized state. We show that, depending on the definition of your rotation operator, some states vanish while others are projected onto states of the form |s, m = 0 . Consequently, we conclude that the 'superposition of all directions' is symmetric if and only if the initial state has a nonzero overlap with a singlet and is otherwise made up of states that vanish.
In the remainder of this manuscript we will first introduce rotations and the symmetrized superposition in Sec. II. In Sec. III we show, using three complementary approaches, that a superposition of Néel states is equal to the Lieb-Mattis ground state. In Sec. IV we derive the structure of a general superposition of directional states. Finally, in Sec. V we provide some outlook of our results.
II. DEFINITIONS
A state |ψ is invariant under SU (2) rotations if and only if it is an eigenstate of every possible spin rotation. Note that due to the non-Abelian nature of SU (2), this implies that only states in the trivial representation, that is, singlet states withŜ 2 tot = 0, are SU (2) invariant. Consider a state |ψ 0 that is not SU (2) invariant. Without loss of generality, we consider it to have a polarization in the z-direction. Similar states in different directions can be constructed as follows,
which we will call a directional state. We define the symmetrized state as the equal-weight superposition of these different directional states,
The definition of Eq. (1) is not unique. Though our definition is consistent with most of the literature (for example Ref. [3] ), in some instances a different definition of the spin rotation is chosen. For example, Ref. [4] defines directional states as
with ξ = − θ 2 e −iφ and |s, s the maximally polarized state with total spin s. These states differ a phase factor e isφ from our definition Eq. (1). However, as we shall see, for a superposition of Néel states these phase factors exactly cancel, and therefore Eq. (3) and Eq. (1) yield the same results. Only for the more general superposition discussed in Sec. IV, the precise definition of rotation matters.
Furthermore, observe that if one chooses the original not-invariant state to be the maximally polarized state |s, s , the definition Eq. (1) defines spin coherent state. The symmetrized state of Eq. (2) is thus a superposition of all possible spin coherent states.
III. SYMMETRIZED NÉEL WAVEFUNCTION
In this section we will show that a symmetrized superposition over Néel states is equal to the ground state of the Lieb-Mattis Hamiltonian. For this, consider a spin S system on a bipartite lattice. The Néel state polarized in the z direction is a product state with |S on all sites in sublattice A and | − S on all B sites,
The Lieb-Mattis Hamiltonian is defined aŝ
For a bipartite lattice with N sites and on each site a spin S, the unique ground state is a total singlet state (S tot = 0) with maximal sublattice spin S A = S B = N S/2 and ground state energy E 0 = − S 2 ( N S 2 + 1). [5] In order to show that a state is the ground state, it suffices therefore to show that it has maximal sublattice spin and total spin zero.
A. General structure
The symmetrized superposition of Néel states in all possible directions is
see also Sec. 4.2 of Ref [6] .
Our claim is that this state is the ground state of the Lieb-Mattis Hamiltonian. SinceŜ A/B commute with the rotation operator e −iŜ z tot φ e −iŜ y tot θ , andŜ 2 A/B |ψ N = (N S/2)(N S/2+1), it follows that |ψ S has maximal sublattice spin S A/B = N S/2. The only remaining thing to prove is that |ψ S is nonzeroánd it has S tot = 0.
First, we use that fact that the Néel state can be obtained by projecting the Lieb-Mattis ground state |ψ LM onto the space with S z A = N S/2 and S z B = −N S/2,
It follows that ψ LM |ψ N = 0. The overlap between the symmetrized wavefunction |ψ S and the Lieb-Mattis ground state is therefore nonzero too,
This implies that |ψ S itself is non-vanishing. To prove that |ψ S is a total spin singlet, we observe that the projectionP S z A =N S/2PS z B =N S/2 is a function that only depends on the z-component of the spin,Ŝ z tot . Let us call this function W (Ŝ z 1 , . . . ,Ŝ z N ). LetÛ be an arbitrary uniform spin rotation, such thatÛŜ z jÛ † = n ·Ŝ j for all j. Since the Lieb-Mattis ground state satisfiesÛ |ψ LM = |ψ LM , we havê
where W n only depends on the direction n and not on the specific choice of rotation operatorÛ . It follows that specifically for the Néel state, [16] the precise choice of rotation operatorÛ is not relevant and we can express the symmetrized wavefunction as
which is manifestly SU (2) invariant and therefore a singlet.
We have thus proven that |ψ S given by Eq. (7) is the ground state of the Lieb-Mattis Hamiltonian. [17] B. Explicit construction for S = 1/2
The previous paragraph contained an elegant and general proof that the symmetrized state |ψ S is the ground state of the Lieb-Mattis Hamiltonian. In this paragraph, we will construct explicitly this symmetrized wavefunction for S = 1/2. Since any Néel state is a product state, we can write down the rotated Néel state as
where, for S = 1/2,
and
Using this explicit expression, we can construct the symmetrized wavefunction |ψ S in the basis of spin configurations C
in the given quantization axis (here chosen to be z). It follows directly from Eqns. (14)-(16) that the amplitude a C only depends on the number of ↑, ↓ spins on the A/B sublattices,
We will first do the integral over φ. Because the number of sites N is even, we notice that −N ↑ 
The remaining integral over θ is obtained by using the identity
(23) Throwing out an overall N ↑ B -independent prefactor, we find that the unnormalized amplitudes are
We only need to establish the normalization. To do so, observe that for a system with N spins, the number of states with S z tot = 0 and a given N ↑ B is
[18] This binomial precisely cancels the binomial in Eqn. (24), and because there are N/2 + 1 different possible sectors with fixed N ↑ B , we conclude that the proper normalized amplitudes are
Note that the sign of the amplitude is completely determined by N ↑ B according to Marshall's sign rule for the singlet ground state of antiferromagnetic systems. [1] Next, we will show that the symmetric wavefunction |ψ S from Eqn. (17) with amplitudes Eqn. (25) is the ground state of the Lieb-Mattis Hamiltonian. To do this, we explicitly write out Eqn. (5) ,
26) We then compute the amplitudes a ′ C of each configuration C with given N ↑ B in the vectorĤ LM |ψ S = C a ′ C |C . HowŜ i ·Ŝ j acts on a configuration C depends on the spins at the sites i, j. For any pair of sites i ∈ A and j ∈ B, there is a probability P ↑↑ = 2N ↑ N (1 − 2N ↑ N ) that in this configuration C the state on i, j is | ↑ i ↑ j . Similarly, we get P ↓↓ = P ↑↑ , P ↑↓ = (1 − 2N ↑ N ) 2 and P ↓↑ = ( 2N ↑ N ) 2 . We can use these probabilities to compute the three contributions to a ′ C , The diagonal part ofĤ LM ( 1 N ijŜ z iŜ z j ) yields when acting on |ψ S the following contribution to a ′ C ,
Here the factor 1 4N comes from acting with 1 
Similarly, the contribution from the (N ↑ B + 1)-sector equals
Summing these three contributions Eqs. (27)-(29), and using the identities
we find that the amplitude of the configuration C with given N ↑ B in the vectorĤ LM |ψ S equals
This proves that
and thus that |ψ S is the ground state of the Lieb-Mattis Hamiltonian for S = 1 2 .
C. Schwinger boson representation
The construction for S = 1/2 in the last paragraph can be extended to general S using the method of Schwinger bosons. [7] In the Schwinger bosons technique, one replaces the spin operators by two sets of bosons,
under the constraint thatâ † jâ j +b † jb j = 2S. A spin coherent state pointing in the n direction at site j can be written using Schwinger bosons as
where |0 j is the (unphysical) boson vacuum, u = e iφ/2 cos θ 2 and v = e −iφ/2 sin θ 2 ; compare to Eq. (15) .
A state in the opposite direction is expressed as
The Néel state for general S can therefore be written as the product state of an S A = N S/2 spin coherent state on sublattice A and a S B = N S/2 spin coherent on sublattice B in the opposite direction,
(39) and the symmetrized state is now
Explicitly writing out this integral gives us 
This final expression is the spin singlet ground state of the Lieb-Mattis Hamiltonian for general S.
[19]
IV. GENERAL SYMMETRIZED SUPERPOSITIONS
We showed that a symmetric superposition of Néel states yields the Lieb-Mattis Hamiltonian ground state. To answer this question, we consider a spin state |ψ 0 that is somehow polarized in the z-direction. The classical Néel state polarized in the z-direction is an example of such state, but one may also choose a ferromagnet in the z-direction, or any eigenstate of S z for a system of N spin-S degrees of freedom. Now in general this initial state |ψ 0 is a superposition of states with different total spin s and total magnetization m,
The total symmetrized state is thus a superposition of the symmetrized states expanded over this s, m basis,
where we implicitly defined |ψ S (s, m) = sin θdθdφ e −iφS z e −iθS y |s, m .
There are four different ways |ψ S (s, m) can contribute to |ψ S :
1. The symmetrized version of an initial singlet |0, 0 is singlet as well, so |ψ S (0, 0) = |0, 0 . We can thus conclude that the final state |ψ S is symmetric if and only if the initial state has a nonzero overlap with a singlet and is otherwise made up of states that vanish.
For example, the Néel state is a superposition of the singlet state and other states with s > 0 but m = 0. Because |s, m = 0 vanishes when averaged over, the final symmetrized state is just the singlet and hence symmetric. Notice that this is conform the notion of Anderson's Tower of States, which expresses in general the symmetry broken state as a superposition of m = 0 but s ≥ 0 states. [8] A corollary of the above statement is that symmetrizing twice always projects the initial state onto its singlet component: the first symmetrization projects |ψ 0 onto its m = 0 components, the second symmetrization makes all terms vanish except for s = 0.
In order to prove the statements mentioned above, we will expand e −iφS z e −iθS y |s, m in the basis of |s, m ′ states,
The second line is based on Ref. [9] , Eq. (15.27).
We can now write which is clearly non-vanishing. This concludes the proof of the four statements at the beginning of this section.
V. CONCLUSION AND OUTLOOK
In this manuscript we investigated the properties of a symmetric superposition of all possible directional states. In particular, we showed that a superposition of Néel states equals the exact symmetric ground state of the Lieb-Mattis Hamiltonian.
Many models that exhibit spontaneous symmetry breaking have an exact symmetric ground state at any finite system size. Our result suggests that in such cases, one can express this ground state as an equal-weight superposition of the symmetry-broken ground states. For example, linear spin wave (LSW) theory provides us an approximation of a symmetry-broken ground state for the Heisenberg antiferromagnet. [10] Taking a superposition of LSW ground states in different directions will approximate the symmetric ground state of the Heisenberg Hamiltonian. This construction can used in studies of low-energy spectra in exact diagonalization, see for example Ref. [11] . We expect the same phenomenology for XY magnets or U (1) superfluids. A possible extension of our work might include SU (n) symmetric systems.
A notable exception appears for so-called 'type B' spontaneous symmetry breaking, such as ferromagnets [13, 14] .
Here the order parameter commutes with the Hamiltonian so that the ground state, even for finite size systems, is not unique. Consequently, there is no 'symmetric' ground state and our results show that one cannot make a symmetric state by superposing, for example, ferromagnets in different directions. The same holds for other 'type B' systems such as ferrimagnets. [15] Tasaki.
[18] One can verify that indeed the total number of states with S z tot = 0 is given by N N/2 = N/2
[19] This section is based on private communications with H. Katsura.
